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Inhomogeneous Inverse Differential Realization of
Multimode SU(1, 1) Group

Zhao-xian Yu'? and Ye-hou Liu?

Received September 30, 1997

The generators and irreducible representation coherent state of the multimode
SU(1, 1) group in Bargmann space are constructed by using the inverse operators
of the multimode bosonic harmonic oscillator, and the inhomogeneous inverse
differential realization of the multimode SU(1, 1) group are derived.

The boson realization approach is very effective for studying the repre-
sentation theory of groups, and the boson realization usually can be obtained
from the creation and annihilation operators of the bosonic harmonic oscilla-
tor, as in the Jordan—Schwinger realization, etc. On the other hand, the inverse
operator of the bosonic harmonic oscillator (Dirac, 1966) had been studied,
and some new results have been given (Mehta and Roy, 1992; Fan, 1993,
1994). In consideration of the close relationship between the quantum
mechanical quasi-accuration problem and the inhomogeneous differential
realization of the Lie group (Turbiner and Ushveridze, 1987; Turbiner, 1988),
the present paper studies the inhomogeneous inverse differential realization
(a new kind of inhomogeneous differential realization) of the multimode
SU(1, 1) group in Bargmann space by using the inverse operator of the
multimode bosonic harmonic oscillator.

We first introduce four independent k-mode bosonic operators as follows:
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It is easy to check the following:

[Ae, A1 =1,
[Bi, Bi] =1,
[Ck, CE]1 =1,
[Di, D{] =1,
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aiai = nf +1, [ai,ai]=1 (5)
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bibi =n? + 1, [bi, bi]= (7)
= b, [ni.b1=0b] (®)
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[NE, Al = —Ax, [Ni, ALl = Af (13)
[N B = =B,  [NLBi1=Bi (14
[Ni, Ci] = —Cy, [N, Cil=Ci (1)
[N{, Dd = =D, [NL, Di1=DE  (16)
= min(n{, ns, ..., nf) (17)
= min(n?f, n5, ..., nh) (18)
Ni = min(ni, ns, ..., nk (19)
= min(n{, n4, ..., nd (20)

Nk

Equations (13)-(16) indicate that {4, A, N&, {B{, Bi, NI}, {Ci, Ci,
N§}, and {Df, Dy, N{} can be regarded as k-mode bosonic harmonic oscilla-

tors, respectively.

Similar to Fan’s works (Fan, 1993, 1994), the inverses of the k-mode
bosonic harmonic oscillator creation and annihilation operators can be



Multimode SU(1, 1) Group
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We have the following noncommutation relations between A and Ai ', Bi
and By', Crand Cj', and Dy and D¢ "

A A = AaDHTrar =1 (37)
A4 = Afah ™ =1-0,0,...0,0, .. (38)
BiBi'= B 'Bi =1 (39)
Bi'Bi=BiBH'=1-10,0,..X00,..] (40)
GCr' = (et =1 (41)
ci'a=cich ™ =1-.0,..%00,..| (42)
DD = DH'Df =1 (43)
Di'De=DEDH T =1-10,0,...%0,0, .. (44)

where Ai', Bi', Ci', and D! stand for the right inverses of Ak, Bk, Ck,
and Dy, and (40)~", BH)™", (CiH)™', and (D)™ stand for the left inverses
of A, Bf, Cif, and D}, respectively.

Similar to the single-mode SU(1, 1) group (Holman et al., 1966; Barg-
mann, 1947), the k~-mode SU(1, 1) group also has three types of unitary
irreducible representations: (a) a positive discrete series, (b) a negative discrete
series, and (c¢) a continuous series which we do not consider here. The
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generators of the k-mode SU(1, 1) group can be obtained from a Jordan—
Schwinger realization in terms of the combination of inverse operators:
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It is easy to find that the following commutative relation holds:

(LA THLA) T = (L)L) T = —2Lg) (57)

The two discrete unitary irreducible representations |k, r)* and |k, r)” of the

k-mode SU(1, 1) group are, respectively,

Y =lr—k—1{@ |+ (=—k>0) (58)
kY =|—r—k— 1 ®|-r+ k5 =k<o0) (59)

These irreducible representations are infinite dimensional and depend on the
quantum numbers k = —1/2, —1, .. .. The action of the k-mode SU(1, 1)
group generators on the elements of the irreducible representations (58) and
(59) is given by

w7 = 7= — ——lcr- 1y (60)
(LY e, 1) = N k)(i —kt D k,r+ 1) (61)
@8 = T Do k)r(r "o — k-1 k62
@ = = _k)(l_r — -y (63)
(LY e ) = N k)(l_r PR kor+ 1) (64)
@wh ' ry = — krY (65

(r+ k+ D@+ b — k) —k—1)

The coherent states of the irreducible representation for the k~~-mode SU
(1, 1) group corresponding to (a) the positive discrete series and (b) the
negative discrete series are, respectively,

ko) = "k, —ky*
_ o (2= e
2 NG r—k—1y° D (66)
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Multimode SU(1, 1) Group 1661

Their normalization coefficients are

(—2k — 1)!

AR = 3, T e —k = (69)
- —2k — 1! -
Bl = 5, o e T (©9)

In the following discussion, the method we use is based on the idea
proposed by Yu et al. (1997a, b). In order to construct the completeness
relations of the quantum states |kz)? and ‘kz)”, we define Pk + r, z) and
P’(k — r, z) to be the observable probabilities for |k, r)* in state |kz)* and
for |k, r)’ in state |kz)’, respectively:

Pk + 1, 2) = |“Uk, rlkz)*P
B (=2k — 1)! .
T+ e = k= 1) (P 70
Ph(k — 1, 2) = |k, rlk)'P
—2k — 1)! _
=2k — ) (= (71)

T k= )P (= — k— 1)1

Setting Pk + r) = [ Pk + r, z) dz* and P’(k — r) = [ P’(k — r, z) dZ*
and letting p* and p” represent the density matrixes of states |k, r)* and
k, r)’, respectively, we have

pr= 3 PUet k), o= 3 P = nlk )k r

(72)

The completeness relations of the states ‘kz)“ and ‘kz)b can be written as

aa bb
i(pawj"z D=1, Ly JMZ 2 =1 (1)

(<P Bi:P)

We now define the Bargmann representations of the bases ‘k, rY* and
‘k, rY’ for the irreducible representations as follows:

filz) = “(kzlk, r)*

_ 1 (=2k — 1)! kb
G+ NE+n (r—k— 1)

(74)
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fi(z) = "(kzlk,

(=2k — 1)! -
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Defining two state vectors in the space of the irreducible representa-
tions

[y = ' =3 il (76)
we have
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On the other hand, we have
: Uy
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1
(—2k + z dldz)(1/2)(z dldz)
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><\/(k—r)! (—r—k—1" (80

From equations (77)—(80), the inhomogeneous inverse differential realizations
of (L“)™"and (L%)™" in the Bargmann space are

Py
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vty
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Therefore we obtain the following inhomogeneous inverse differential realiza-
tions of (L%)™", (L§~' and (L2)7', (L)™' in the Bargmann space,
respectively:
N4
Bi((L%)~ )—d (87)
zZ
_ d
BY(LY) 1)=(z——k)
dz

1

X d \[1 d \[1 d d( 8
o = T
Bt =L (89)
dz
BU(LY)™H= zi—k)
1
d

T

In the above calculations of equations (79), (80), (85) and (86), we have
used the inverse derivative formula (Ye, 1979). Finally, we point out that
equations (81), (82), and (87)—(90) are the inhomogeneous inverse differential
realizations of the k-mode SU(1, 1) group.
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